Structural, thermodynamic and elastic properties of the hydrogen-zirconium system including all major hydrides are studied from first principles. Interstitial hydrogen atoms occupy preferentially tetrahedral sites. The calculations show that a single vacancy in α-Zr can trap up to nine hydrogen atoms. Self-interstitial Zr atoms attract hydrogen to a lesser extent. Accumulation of hydrogen atoms near self-interstitials may become a nucleation site for hydrides. By including the temperature-dependent terms of the free energy based on ab initio calculations, hydrogen adsorption isotherms are computed and shown to be in good agreement with experimental data. The solubility of hydrogen decreases in Zr under compressive strain. The volume dependence on hydrogen concentration is similar for hydrogen in solution and in hydrides. The bulk modulus increases with hydrogen concentration from 96 to 132 GPa.
Introduction
The behavior of hydrogen in metals continues to be a topic of fundamental interest and vital importance in many technological applications. For example, even small quantities of hydrogen can have serious detrimental effects on mechanical properties of metal alloys due to hydrogeninduced embrittlement. The possible detrimental impact of hydrogen is of particular concern in nuclear power plants, where zirconium alloys are used for fuel cladding and structural components. The oxidation of these zirconium alloys by decomposition of water leads to the release of hydrogen, which can diffuse into the metal, dissolve and lead to the precipitation of hydride phases causing a volume increase and embrittlement. These processes are coupled with structural and mechanical changes caused by irradiation with highenergy neutrons and other particles. Particularly intriguing is the experimental evidence [1] [2] [3] [4] [5] that zirconium samples pre-loaded with hydrogen show a different behavior under irradiation compared with pure zirconium.
For these reasons, the zirconium-hydrogen system has been studied extensively for many decades and a comprehensive review is provided by Strasser et al [6] . While initially most of these studies were purely experimental, more recently, a growing number of computational investigations have been performed using both empirical potentials and ab initio methods thus offering a deeper understanding and more comprehensive materials property data. To this end, embedded atom interatomic potentials have been developed by Mendelev and Ackland [7] for the study of phase transitions and the calculation of basic materials properties including elastic coefficients, point defect energies, stacking fault energies and self-diffusion. The results are encouraging, but different parameter sets are presented depending on the property of interest. Ruda et al [8] have reported embeddedatom interatomic potentials for hydrogen in metals with the aim of a single set of hydrogen parameters applicable to a range of metals including Zr. These potentials were used to compute enthalpies of formation and local structural changes induced by the presence of hydrogen, but an assessment of the performance of these potentials is hampered by the lack of experimental data.
With the growing performance of high-speed computers the use of ab initio methods has become increasingly important in the study of H in metals. In part this work has been motivated by the search for hydrogen storage materials as discussed, for example, in [9] [10] [11] [12] , but also by issues related to hydrogen diffusion in Ni-base alloys [13] . Ab initio studies of the Zr-H system have been reported by Domain et al on the bulk properties of Zr-H [14] and interface properties of H in Zr [15] . This work demonstrated that density functional theory (DFT) with a generalized gradient approximation (GGA) is a viable approach to obtain structural, mechanical and energetic properties for the H-Zr system. By using a combination of cluster expansion and ab initio methods Holliger et al [16] identified metastable ordered hexagonal phases in H-Zr, thus enriching our understanding of the H-Zr phase diagram.
Building on the wealth of experimental data and previous computational studies, the present work is motivated by the need to gain a more quantitative and systematic understanding of the effect of hydrogen on the dimensional changes of zirconium due to dissolution in interstitial sites, interaction with point defects, i.e. vacancies and self-interstitials, and formation of hydrides. An important aspect of the present work is the generation of a consistent set of materials property data including structural and thermodynamic data for both the metallic phase as well as all major zirconium hydride phases, which can serve as reliable basis for future investigations of alloying and irradiation effects.
Previous ab initio studies were essentially based on the total electronic energy of static structures neglecting possibly important vibrational contributions to the thermodynamic properties. The present work takes this analysis further by including the vibrational contributions thus leading to a more detailed understanding of the interaction of H and Zr.
Computational approach
All structural and thermodynamic properties reported in this work are based on total energies, forces and stress tensors computed with ab initio DFT [17, 18] . Electronelectron exchange and correlation effects are described by the GGA with the functional form proposed by PerdewBurke-Ernzerhof (PBE). The density-functional or KohnSham equations are solved with projector-augmented-wave (PAW) potentials [19] including s and p semicore states for Zr, as implemented in the Vienna Ab-initio Simulation Package (VASP) version 5.2 [20] [21] [22] [23] within the MedeA ® computational environment [24] . The Brillouin zone is sampled with a regular -centered k-point mesh using a density of 0.15 Å −1 , which is changed to about 0.3 Å −1 for phonon calculations and configurational sampling of hydrides. The plane-wave cutoff energy in the expansion of the wave functions is set to 400 eV. Geometry optimizations are converged to a maximum force of less than 0.02 eV Å −1 . The vibrational contributions to the free energy are computed within the quasi-harmonic approximation using a finite-difference approach for calculating phonon dispersions and phonon densities of states [24] as implemented in the Phonon module of MedeA ® [25] . In the case of vibrations of H atoms in tetrahedral interstitial sites the quasiharmonic approach is augmented by a numerical integration of Schrödinger's equation. The temperature-dependent terms of the enthalpy and the entropy of hydrogen molecules in the gas phase are taken from experimental data [26] .
The calculation of the solubility limit as a function of temperature is based on a set of ab initio total energy and phonon calculations of hydrogen dissolved in α-Zr as well as zirconium hydrides at about 15 different H concentrations in the range between mole fraction x = 0 to x = 1.28 probing many different configurations.
From a thermodynamic analysis of the solution of a diatomic gas in a solid with two different interstitial sites a and b the equilibrium vapor pressure (or strictly speaking the fugacity) is given by [27] 
In equations (1)- (3) f is the fugacity, x the mole fraction of hydrogen atoms, T the temperature, and s a and s b the number of a and b sites per cell (e.g. in α-Zr s tet = 2 and s oct = 1). The index denotes the phase, i.e. α-Zr and ZrH 2 , respectively, and µ is the chemical potential.
In this approximation it is assumed that for a given phase of the solid (i.e. hexagonal or cubic) and a given temperature, the chemical potential depends on the concentration of the solute (i.e. hydrogen) and on the site, but not on the specific configuration within the available sites. In this sense, this approach is a modified independent two-site model.
The term G 0, (T ) takes into account the fact that in a multi-phase system one needs to be consistent in the use of reference states. In the present case, for pure Zr, this is the hexagonal close packed (hcp) structure and this is used in the low concentration regime of the phase diagram. Near x = 1.25, it is reasonable to use the compound Zr 4 H 5 as reference for the γ phase (see figure 4) . The term then connects this state back to the reference of pure zirconium via the difference in the free energy between Zr 4 H 5 and α-Zr.
The chemical potentials µ (x, T ) are evaluated for each phase and for a set of discrete concentrations, x, from total energy ab initio calculations using VASP. The temperature-dependent vibrational terms are obtained from phonon calculations. For convenience, these sets of numerical data are fitted to analytical expressions containing linear and quadratic terms in the variables x and T . Finally, the standard chemical potential is denoted as µ 0 and β = (kT ) −1 .
Results and analysis

Interstitial H in α-Zr
Elemental α-Zr crystallizes in a close-packed hexagonal structure in space group P 6 3 /mmc. The computed equilibrium lattice parameters of a = 3.237 Å and c = 5.183 Å are 0.2% and 0.8% larger than the experimental values of a = 3.229 Å and c = 5.141 Å [28] . The present computed values are consistent with previous calculations by Domain et al [14] and Jomard et al [29] . The difference between computed and experimental lattice parameters is within the typical accuracy which can be achieved with present density functional calculations using a GGA for electronic exchange and correlation effects. Hydrogen dissolved in α-Zr occupies interstitial lattice sites. The preference for tetrahedral versus octahedral sites turns out to be a subtle issue. In the literature it is often stated that hydrogen occupies tetrahedral sites in Zr. This is plausible since ε-ZrH 2 , which is the end point of hydrogenating zirconium, has a distorted calcium fluoride structure where all tetrahedral sites of the face-centered cubic (fcc) host lattice are occupied by H atoms. Experimental studies of the site preference of hydrogen in Zr have been performed by Narang et al [30] and Khoda-Bakhsh and Ross [31] . Narang et al employed neutron diffraction to study site occupancy in Zr for a hydrogen concentration of 3.2 at%. Measurements on polycrystalline Zr showed a preference for tetrahedral sites with a random distribution. However, attempts to locate hydrogen in single crystal hcp Zr were not successful. After hydrogenation to approximately the same hydrogen content, microscopic examination of the crystals showed extensive hydride formation as a second phase. Khoda-Bakhsh and Ross studied H site occupancy in polycrystalline Zr with a H concentration of 5 ± 1 at% using inelastic neutron scattering. Hydrogen was found to occupy tetrahedral sites rather than octahedral sites.
From static ab initio calculations Domain et al [14] obtained an energy preference of 0.057 eV or 5.5 kJ mol −1 for H in tetrahedral sites over octahedral sites. Burr et al found a similar result with a preference by 0.086 eV or 8.3 kJ mol −1 for H in tetrahedral sites over octahedral sites [32] . These results are consistent with the conclusions from experiment. However, using only the total electronic energy as criterion could be misleading. The zero-point energy of an H atom in interstitial sites in α-Zr ranges from 10 to 20 kJ mol −1 depending on the site, which is four times larger than the difference in electronic energies between tetrahedral and octahedral sites. For this reason, we have re-examined this aspect.
Based on calculations of the Gibbs free energy over the temperature range from 0 to 1000 K we find that interstitial hydrogen occupies predominantly tetrahedral sites, but that a fraction of approximately 6% may occupy octahedral sites at 600 K. These calculations take into account thermal expansion and non-harmonic effects. In the present work, the difference of the electronic total energy between tetrahedral and octahedral sites is computed to be 5.9 kJ mol −1 , which is very close to the value reported by Domain et al [14] . Inclusion of vibrational effects change this value to 0.5 kJ mol −1 at T = 0 K and to 8.6 kJ mol −1 at 600 K. This result is obtained as follows.
The vibrations of an interstitial H atom in an octahedral site in Zr are well described within the harmonic approximation. Complete phonon calculations of supercells containing 48 Zr atoms with and without H in octahedral sites result in a zeropoint energy of 11.9 kJ mol −1 for an H atom in an octahedral site. The motion of H atoms in a tetrahedral site is decomposed into vibrations parallel to the basal plane, which are well described by a harmonic vibration. The contribution to the zero-point energy from these motions is 14.1 kJ mol −1 . In an hcp structure two tetrahedral interstitial sites share a common face and the migration barrier is very low. Thus, H atoms can readily tunnel from one tetrahedral site to the next (see figure 1) . At elevated temperatures a transition from quantum tunneling through the barrier to activated movement between the tetrahedral sites is expected. For hydrogen diffusion on the Ni(1 0 0) surface a transition between quantum tunneling and activated jumps occurs at approximately 100 K [33] .
In order to determine the contribution of the strongly anharmonic vibrations of H atoms in the double well between two adjacent tetrahedral sites T and T (see figure1), we consider two limiting cases, namely (i) H moving in the field of Zr atoms rigidly held at their lattice sites, and (ii) Zr atoms fully relaxed for H atoms at the mid-point between T and T . It is reasonable to assume that these limits bracket the actual situation with case (i) describing low temperatures and (ii) corresponding to elevated temperatures. Ab initio calculations of the energy hypersurface of an H atom in a frozen Zr lattice result in an energy barrier of 25 kJ mol −1 between tetrahedral sites. Solution of a one-dimensional Schrödinger equation for this energy hypersurface gives a lowest quantum level of 3.3 kJ mol −1 and thus a total zero-point energy of 14.1 + 3.3 = 17.4 kJ mol −1 . This implies that, at low temperatures the tetrahedral site would be favored by only 0.5 kJ mol
(the zero-point energy is 17.4-11.9 = 5.5 kJ mol −1 higher in the tetrahedral site than in the octahedral site, whereas the electronic total energy is by 5.9 kJ mol −1 lower in the tetrahedral site). Given the inherent uncertainties of DFT calculations, such a small energy difference of 0.5 kJ mol between octahedral and tetrahedral sites at T = 0 K. With increasing temperatures the free energy difference between octahedral and tetrahedral sites becomes larger due to entropic effects. In particular, at 600 K the energy difference between the two sites is 8.6 kJ mol −1 . The temperature-dependent free energy of solution of H 2 molecules in α-Zr according to the reaction
is shown in figure 2 . Zr n represents a supercell of α-Zr containing n atoms. Throughout the entire temperature range where the hcp phase is stable, the chemical potential of dissolved H atoms is lowest in tetrahedral interstitial sites. The gray shaded area is limited by curves representing the standard free energy of solution computed using the 25 kJ mol
and 11.5 kJ mol −1 energy barrier between tetrahedral sites, respectively. In practice, i.e. at elevated temperatures, it may be argued that the system is best described by the lower tetrahedral-tetrahedral barrier. The limit of a rigid Zr lattice should only be relevant at low temperature.
The octahedral sites are only slightly higher in energy than tetrahedral sites. This implies that at elevated temperatures some of the octahedral sites may be occupied. Assuming thermodynamic equilibrium, at 600 K about 6% of all dissolved H atoms would be in octahedral sites. This site distribution is used for the derivation of the effect of hydrogen on the volume. The fraction of hydrogen atoms in octahedral sites is shown in the inset of figure 2.
Effects of strain.
The effect of strain on the free energy of solution is investigated by applying an external homogenous pressure of ±2 GPa on the Zr lattice. This corresponds to a volume change of about ±2%. For each state of strain, the Gibbs free energy of solution is computed taking thermal expansion into account. The result is shown in figure 3 . The free energy of solution for both octahedral and tetrahedral sites is negative up to approximately 1000 K for all pressures investigated in the present study, i.e. almost up to the alpha to beta transition temperature. This implies that at low temperatures, H is retained in zirconium. Overall the solubility decreases with increasing compressive strain. Below about room temperature, this effect is due to the electronic energy. At elevated temperatures effects due to the vibrational entropy become important.
Point defects in α-Zr
Trapping of hydrogen in defects would increase the solubility and decrease the volume expansion of the lattice for a given hydrogen concentration. It is therefore important to analyze hydrogen trapping in more detail. The present discussion focuses on trapping of hydrogen atoms by point defects in α-Zr. Of course, also extended defects like dislocation loops and grain boundaries can act as sinks for hydrogen which would lead to a more pronounced effect. Similarly, defects in hydrides could act as sinks. Formation energies of point defects in hydrides are typically higher than in α-Zr. It becomes increasingly harder to form Zr interstitials when the hydrogen content increases while there is less variation in the formation energies of Zr vacancies with hydrogen content. Vacancies and interstitials are most easily formed in Zr 4 H. by −0.43% in c-direction. (If the Zr atom is not removed from the system, i.e. considering an ensemble with constant number of atoms, the vacancy creation results in a volume increase by +0.56%.) On the other hand, a vacancy can act as a sink for hydrogen atoms. The expanding effect by hydrogen may counterbalance the shrinkage by the vacancy. This is studied by successively filling a Zr vacancy with hydrogen atoms. It is found that more than five hydrogen atoms in the vacancy lead to a net expansion of the lattice.
Hydrogen atoms are more stable inside a vacancy than at interstitial sites for up to nine hydrogen atoms per vacancy. There is a significant enthalpic driving force for hydrogen atoms to migrate to a vacancy containing less than six hydrogen atoms. Moving additional H atoms from interstitial sites into a vacancy leads to smaller gains in energy up to a saturation of 9 H atoms per vacancy. Hydrogen atoms in vacancies decorate the faces of the inner surface of the vacancy up to nine H atoms. Once all nine sites are occupied, further hydrogen is repelled from the vacancy. The 10th hydrogen atom is pushed outside the vacancy to a tetrahedral site on the opposite side of one of the faces with a H atom inside the vacancy.
Reference [34] gives an experimental value for the trapping energy in a Zr vacancy of about −30 kJ mol −1 . 'Trapping energy' refers to the electronic energy difference between hydrogen in an interstitial site and in a vacancy. The corresponding computed value in the current study is −27 kJ mol −1 for H in octahedral sites and −22 kJ mol −1 for H in tetrahedral sites. These values are based on electronic energies without vibrational contributions. Furthermore, hydrogen concentration effects on the energy of dissolved H are not taken into account. Iwasawa et al computed a value of 17-19 kJ mol −1 (0.17-0.20 eV) for the trapping energy of H in a Zr vacancy using DFT [35] . The somewhat smaller values of Iwasawa et al may be attributed to their use of ultrasoft pseudopotentials, which is considered less accurate than or augmented wave based methods [36] . Small variations in the lattice parameters of Zr used in the calculations may also contribute to this difference. Iwasawa et al also investigated hydrogen loading in a vacancy considering a number of arrangements of hydrogen atoms in octahedral and tetrahedral sites around the vacancy. Similarly to the present work, they found that up to six hydrogen atoms are strongly bound to the vacancy but that the binding energy is almost zero for hydrogen atoms seven to nine. At elevated temperatures, hydrogen atoms will tend to be increasingly distributed on interstitial sites rather than trapped in local defects due to the configurational entropy, since many more interstitial sites are available than sites in vacancies. Of course the actual concentration of hydrogen atoms trapped in a vacancy depends on the concentration of hydrogen in interstitials and on temperature. However, given the quite large binding (trapping) energy of −22 kJ mol
(−27 kJ mol −1 for H in octahedral site), trapping is likely to occur also at elevated temperatures. The net effect of H trapping in vacancies is a smaller volume expansion than that predicted for a given concentration of H atoms in interstitial sites. The possibility for hydrogen to cluster at defects leads to an increased solubility. Possible trapping of multiple hydrogen atoms in vacancies has also been demonstrated for Pd, which can trap up to six hydrogen atoms [37] .
Self-interstitials.
Inserting a Zr atom interstitially leads to a large local distortion of the lattice and is associated with a high energy cost. At a concentration of 1 at%, Zr in an octahedral site leads to a larger volume expansion of the lattice (1.4%) than Zr in a tetrahedral site (1.2%). Nevertheless, formation of a Zr interstitial is energetically favored in an octahedral site rather than in a tetrahedral site. The energy difference is 16 kJ mol −1 . However, this energy difference is rather small in comparison with the energy cost to create the interstitial which is 315 kJ mol −1 for the octahedral site. Thus, Zr atoms ejected from lattice sites due to irradiation are likely to end up in both tetrahedral and octahedral interstitial sites. Assuming that there are interstitials present in spite of the high formation energy (e.g. by irradiation), the interaction between hydrogen and interstitials is investigated.
It is found that hydrogen is more attracted to a Zr interstitial in a tetrahedral site than to an interstitial in an octahedral site. Hydrogen near an octahedral Zr interstitial is 14 kJ mol −1 less stable than in a defect-free region of Zr (tetrahedral site). A second hydrogen atom added on the opposite side of the interstitial is 9 kJ mol −1 less stable than in a tetrahedral site in defect-free Zr. A third hydrogen atom added close to the interstitial is 12 kJ mol −1 more stable than in defect-free Zr. While the first two added hydrogen atoms hardly affect the lattice, addition of the third hydrogen atom results in large atomic rearrangements at the interstitial site. The local atomic structure resembles the crystal structure of ZrH 2 (body-centered tetragonal Zr lattice with tetrahedral sites filled by hydrogen). The local restructuring combined with the favorable binding of hydrogen once enough hydrogen has accumulated at the interstitial could indicate the onset of a phase transformation forming a hydride. It is tempting to interpret the repulsion of the first two hydrogen atoms as a barrier to the formation of a nucleation site for zirconium hydride.
For the tetrahedral Zr interstitial, hydrogen is more stable by 13-18 kJ mol −1 close the interstitial than in a tetrahedral site in defect-free Zr. In this case there are no large atomic rearrangements, but the local atomic structures are similar to the ZrH 2 structure, too. At first this appears contradictory to the fact that the solubility of interstitial H atoms decreases with compressive stress. However, around the Zr interstitial there are interstitial sites with more space and sites with less space than in defect-free Zr. Hydrogen is attracted to the larger voids around the Zr interstitial.
The computations of the energy of hydrogen (as given by the electronic energy) close to self-interstitials in Zr show that there are stable sites for hydrogen. Hence it is possible that interstitial point defects can trap hydrogen. This would be consistent with measurements of increased hydrogen solubility in irradiated alloys [38, 39] . However, hydrogen could also be trapped by other defects like dislocation loops in the irradiated material.
Hydrides
3.3.1. Structure. The structure of hydrides is rationalized as follows. The original hcp Zr unit cell is doubled in the cdirection producing a cell containing four Zr atoms in ABAB stacking. Adding one hydrogen atom to the system gives Zr 4 H. As discussed above, octahedral and tetrahedral sites are close in energy with the tetrahedral site being more stable. The addition of another H atom to the unit cell results in Zr 2 H. All possible hydrogen configurations on tetrahedral and octahedral sites within the unit cell have been probed. Partial disorder is neglected in the simulations which only capture periodic structures resulting from the chosen supercell. The energy difference between tetrahedral and octahedral sites increases with higher hydrogen concentration (with tetrahedral occupancy being most favorable). Occupying simultaneously octahedral and tetrahedral sites gives structures intermediate in stability between structures with only tetrahedral or only octahedral occupancies. The most stable Zr 2 H phase has hydrogen in tetrahedral neighboring sites (forming H layers). This structure has an energy of formation per Zr atom of −20.2 kJ mol −1 . It agrees with the proposed structure for the ζ -hydride [40] .
More hydrogen can be added to Zr 2 H to produce hydrides with higher hydrogen concentration. However, hydride phases are generally more stable if the Zr lattice exhibit an ABCABC stacking instead of the ABABAB stacking. This can be understood given the preferred tetrahedral site occupancy of hydrogen. In the hcp lattice, hydrogen atoms in neighboring tetrahedral sites experience a repulsive force due to the short distance between the sites (see figure 1) . This close contact of tetrahedral sites is avoided in an fcc lattice, where adjacent tetrahedral sites are separated by octahedral sites. Thus, at a certain H concentration the energy penalty of transforming the host lattice from hcp to fcc is compensated by the gain energy due to the more favorable arrangement of H atoms. Such hydrides based on an fcc lattice will be discussed next, namely the ε-hydride and δ-hydride at high concentrations of hydrogen.
The fully stoichiometric ε-hydride and δ-hydride ZrH 2 have a very similar crystal structure. The only difference is a tetragonal distortion of the lattice. The δ-hydride has a cubic (Fm(3)m) structure. It extends from ZrH 1.59 to ZrH 1.66 at room temperature [41] . The ε-hydride can be derived from the δ-hydride by a compression of the structure in the cdirection by 5.2% with a concomitant increase of a and b by 3.8%. At a H : Zr ratio of 2.0, the ε-hydride has the more stable crystal structure. Computations of the free energy of the fully stoichiometric dihydrides versus temperature show that the ε-hydride is the more stable compound in the whole temperature range (up to 1000 K), even if the energy difference is very small (a few kJ mol −1 ). However, introducing vacancies on the tetrahedral sites in the ε-hydride by lowering the hydrogen concentration favors a transformation to the cubic δ-hydride structure, which is the phase most often observed in nuclear materials applications.
Another experimentally observed hydride is the γ -hydride. The databases contain two different γ -hydrides with H : Zr ratio of 1 : 1. One has a body-centered (I (4)m2) structure, and the other has a primitive (P 4 2 /mmc) structure. The free energy of these two γ -hydrides has also been computed showing that the P 4 2 /mmc hydride has the more stable structure in the entire temperature range. The present study also considers γ -hydrides with hydrogen content higher and lower than given by a H : Zr ratio of 1 : 1. Figure 4 provides an overview of crystal structures and corresponding energies of hydrides that are based on ABCABC stacking of the Zr lattice. Starting from conventional unit cells of the fully stoichiometric ε-dihydride and δ-dihydride, the structures are derived by successively removing hydrogen and optimizing the cell parameters and atomic positions of the resulting structures. It can be seen in figure 4 that structures with a specific composition generally are close in energy. This means that the hydrogen atoms may tend to disorder on the tetrahedral sites. The most stable structure for each stoichiometry is indicated. The most stable Zr 2 H structure is a cubic Pn(3)m structure (with lattice parameter 4.66 Å). The electronic energy of this structure is also lower than that of the ζ -hydride with ABAB stacking. This indicates that the ζ -phase may be metastable and the Zr lattice is thermodynamically driven to change from ABA to ABC stacking for this hydrogen concentration. Table 1 shows computed structural and elastic data for Zr and ordered ZrH and ZrH 2 hydrides available in structural databases. In reality, the hydrogen content in these hydrides often differs from H : Zr ratio of one or two. Computed lattice constants are in rather good agreement with experimental values. The computed values are somewhat higher than the experimental values. This is a typical feature of the GGA computational approach used here. For all moduli the deviation is less than 10% with the computed value being systematically higher than experiment. In part the deviation comes from the fact that the computations were done for T = 0 K while the experimental data are taken at room temperature. Expansion of the lattice leads to a lowering of the elastic moduli.
The electronic energies of formations are also included in table 1. The electronic energy of formation of the I (4)m2 γ -hydride is −30.9 kJ mol −1 . This is different from the energy of formation (−32.4 kJ mol −1 ) of the I (4)m2 γ -hydride given in figure 4 , which was derived from the ε-hydride. In fact, the I (4)m2 γ -hydride has two energy minima for two different c/a ratios. The structure reported in the literature has a c/a ratio of 1.08. The structure also has a second energy minimum for c/a = 0.76, which is lower in energy than the first energy minimum. The tetragonal ε-hydride also has a second energy minimum (for c/a = 1.58), where the two minima are almost degenerate in energy [42] .
Stabilities and formation energies of hydrides with compositions ZrH, ZrH 1.5 and ZrH 2 have also been studied by Domain et al [14] . For the ZrH composition, using a four atom supercell, Domain finds that an fct structure with H atoms placed on tetragonal sites in parallel {1 1 0} planes is the most stable. This phase with symmetry Pmmm is similar to the P 4 2 /mmc structure. The other ZrH structure studied by Domain (diamond like) found to be less stable than the Pmmm phase is the I (4)m2 γ -hydride. The results for ZrH are thus consistent. For ZrH 1.5 , Domain found that a distortion of the fcc delta phase to an fct phase with c/a < 1 stabilizes the structure. This is in agreement with our results where a tetragonal distortion to c/a < 1 stabilizes the cubic Pn(3)m structure. As proposed by Domain, the experimental observation of cubic δ phase is probably due to disorder on the hydrogen sites. Figure 4 shows structures and energies for hydrides of compositions H/Zr = 2.0 to H/Zr = 0.25 derived from conventional unit cells of ε-and δ-hydrides. In order to study the stability of hydrides as function of hydrogen content, this set of structures was extended by considering larger supercells of ε-, δ-and γ -hydrides (containing 32 or 36 Zr atoms depending on the hydride). From these larger supercells, hydrides with compositions H/Zr = 2.0 to H/Zr = 0.25 were constructed. The structure with the lowest electronic energy for each stoichiometry is selected for the further investigations of the hydrides. However, for the lowest hydrogen contents (H/Zr = 0.25 and 0.5) hydrides with ABA stacking of Zr is chosen, e.g. the ζ -phase. In the composition range 0.75 H/Zr 1.25 the P 4 2 /mmc γ -hydride is the most stable hydride. For an H/Zr ratio of 1.5, hydrides derived from the ε-phase, the δ-phase, the I (4)m2 γ -hydride, and the P 4 2 /mmc γ -hydride are all close in energy. The structure with most negative electronic energy is the Pn(3)m structure shown in figure 4 , which has a slightly lower energy than the other hydrides of this stoichiometry. The energy of this structure is somewhat lowered by a tetragonal distortion (0.8 kJ mol −1 per Zr). For H/Zr = 1.75, it is found that structures derived from ε-hydride and δ-hydride (by removing H) have very similar energy to structures derived from the I (4)m2 γ -hydride. For this relatively high hydrogen Table 1 . Lattice parameters and elastic coefficients of α-Zr and dominant zirconium hydrides. K, G and E are the bulk, shear and Young's modulus, respectively. EOF is the electronic energy of formation. concentration, the I (4)m2 γ -hydride is more stable than the P 4 2 /mmc γ -hydride. The structure derived from the ε-hydride is slightly more stable than other hydride structures of this stoichiometry. Using these hydrides, the standard free energy of formation is computed and shown in figure 5 . The hydrides become less stable with temperature. Hydrides with higher hydrogen content are more stable than hydrides with low hydrogen content for all temperatures. The difference in stability is decreasing for increasing temperature.
Free energy of formation.
System property α−Zr
The effect of uniform and uniaxial strain on the free energy of formation is investigated for ε-ZrH 2 . In this case, the free energy of formation is computed from ZrH 2 , α-Zr, and H 2 in the gas phase, where ZrH 2 and α-Zr are subject to the same stress. It is found that an applied stress of ±2 GPa has only a minor impact on the free energy of formation at any temperature.
Elastic properties as function of H concentration.
The bulk, shear and Young's modulus have been computed for α-Zr and hydrides in the stoichiometry range H/Zr = 0.25 to H/Zr = 2.0. Table 1 summarizes the results for α-Zr and the dominating hydrides (γ , δ and ε).
The effect of hydrogen on the elastic properties of α-Zr is investigated by computing the elastic moduli of Zr with a rather high hydrogen concentration in either tetrahedral or octahedral sites. Loading Zr with hydrogen in octahedral sites at a concentration of 690 wt-ppm gives a bulk modulus of 98 GPa, a shear modulus of 28 GPa, and a Young's modulus of 77 GPa. Interestingly, the values for hydrogen in tetrahedral sites are almost identical as for hydrogen in octahedral sites. Hence it appears as if the mechanical properties of hydrogen containing Zr is independent of which sites hydrogen occupies. The computed values of the moduli for hydrogen containing Zr can be compared with the values for pure Zr, which are 96 GPa for the bulk modulus, 33 GPa for the shear modulus and 89 GPa for the Young's modulus. Thus, the bulk modulus is largely unaffected by hydrogen while the shear modulus and the Young's modulus are somewhat reduced by hydrogen.
The bulk modulus increases almost linearly with hydrogen concentration in the hydrides from H/Zr = 0.25 to H/Zr = 2.0 and are higher than for α-Zr. Shear moduli of zirconium hydrides are similar to the shear modulus of α-Zr, with values of about 30 ± 10 GPa depending on the hydride stoichiometry. Young's moduli of the hydrides are typically lower than for α-Zr. One exception is ZrH 1.25 , which is a γ -hydride (P 4 2 /mmc) structure with high hydrogen content and high Young's modulus (115 GPa). As expected, the δ-hydride displays elastic instability as it undergoes a tetrahedral distortion to the ε-hydride at full tetrahedral hydrogen occupancy.
There is a large variation in computed elastic moduli in the literature. Zhu et al [47] find that delta and epsilon hydride have smaller bulk modulus than α-Zr, while the present study finds larger bulk moduli for these hydrides than for α-Zr. A difference is that they use ultrasoft potentials while the present study uses PAW potentials. This seems to be the reason for the discrepancy as Blomqvist et al [36] , Olsson et al [48] and Zhang et al [49] also computed elastic properties of the hydrides using GGA-PAW and their results are close to those in the present study. 
Volumetric aspects
The volumetric dependence on the hydrogen concentration has been investigated both for H in solution in α-Zr, and as part of precipitated hydrides. In both cases, hydrogen predominantly occupies tetrahedral sites. The volumetric dependence on the hydrogen concentration is first discussed for hydrogen in solution in α-Zr.
Inserting a hydrogen atom in a tetrahedral site leads to a larger induced pressure on the lattice and a larger volume expansion than inserting a hydrogen atom in an octahedral site in α-Zr. The effect can be quantified by computing the partial molar volume of H. The partial molar volume, V H , is given by
where V (Zr n H) is the equilibrium volume of a Zr n H supercell and V (Zr n ) the corresponding volume of the pure host material. In Zr, the partial molar volume of hydrogen is always positive and has been investigated for tetrahedral and octahedral sites for different strain states of Zr. The partial molar volume of interstitial hydrogen in the octahedral site increases with compression. At low hydrogen concentration, with most of the hydrogen atoms occupying tetrahedral sites, the volume change is fairly isotropic as shown in figure 6 .
The volume change as function of the hydrogen concentration with 6% of the hydrogen atoms in octahedral sites is shown in figure 7 . The volume increases linearly with hydrogen concentration. At a hydrogen concentration of 1000 wt-ppm the volume expansion is 1.7%, which corresponds to a linear dimensional change of 0.56%, assuming isotropic behavior. King et al have measured the dimensional changes of ZIRLO and Zircaloy-4 as a function of hydrogen content [50] . These measurements show a linear relationship of dimensional change versus hydrogen content for all concentrations of hydrogen from 0 ppm up to values most probably beyond the solubility limit. The slope of this curve is smaller than obtained in the present study. At 1000 ppm the dimensional change is about 0.20%, with a spread of ±0.05%. The difference between the experiments and the computations may be due to imperfections and impurities in the experimental samples, which are able to trap hydrogen without noticeable growth.
Another aspect of varying the hydrogen concentration is the volumetric effect due to hydride formation. The volumes of hydride phases with increasing hydrogen content have been computed, showing a non-linear volume increase tending to a plateau at ZrH 2 . Figure 7 shows volumes of the most stable hydride for each stoichiometry. Volume effects of hydrogen in Zr metal and in the hydrides up to a concentration of almost 1 : 1 are comparable. If those hydrides are formed in the experimental situation, there is no major difference between dissolved H in α-Zr and the hydride. On the other hand, if ε-dihydride is formed in the experimental situation, then the swelling effect will be smaller than calculated for the metal. If all of the hydrogen forms stoichiometric ε-ZrH 2 , the calculated swelling would be 0.8% for 1000 ppm H, corresponding to 0.26% linear increase. This coincides with the largest experimental value reported by King et al for this concentration [50] , which is assumed to be mostly due to a sub-stoichiometric δ-hydride phase.
Precipitation of ε-ZrH 2 (complete occupation of tetrahedral sites by H) results in a volume expansion of 17.9% from pure α-Zr. Carpenter gives a relative volume difference • C (500 to 850
• C for experiments). Experimental isotherms are approximated from data taken from [53] .
of 17.2% between α-Zr and δ-hydride (ZrH 1.66 , with a = 4.778 Å) [51] . The computations yield a volume expansion of 16.6% for δ-ZrH 1.5 . Numakura et al report a volume difference of 13% between γ -hydride and the Zr metal matrix [52] . This can be compared to the computed volume expansion of the P 4 2 /mmc γ -hydride. This structure was found to be the most stable hydride in the composition range ZrH 0.75 to ZrH 1.25 . For γ -ZrH 0.75 the relative volume difference is 10.1% and for γ -ZrH 1.25 it is 13.6%. Carpenter gives a relative volume difference of 12.3% for the γ -hydride [52] . This volume expansion corresponds to that of γ -ZrH (P 4 2 /mmc) in the present study.
Solubility and absorption isotherms
Solubility of hydrogen is a key property for understanding many properties of the Zr-H system such as the distribution of hydrogen and the conditions for hydride formation. Hydrogen solubility has been studied by computing the section of the temperature-pressure-composition phase diagram of the Zr-H system describing the solid solution of H in Zr and the precipitation of Zr hydrides from first principles. Using the thermodynamic approach described in section 2, the temperature and composition dependence of chemical potentials of hydrogen in α-Zr and in hydrides were computed and fitted. Fits to quadratic polynomials have been applied for the temperature dependence, and linear fits were applied to composition dependence.
Concerning the hydrides, focus was put on precipitation of γ -hydride phases and on an assessment of the solubility limits for metallic Zr. Additional phase equilibria with the ε-and δ-phases were not explicitly covered. Therefore, the composition and temperature dependent chemical potentials for the α-Zr phase and the γ -hydride phase in the composition range between H/Zr = 0.75 and 1.25 were taken into account. Since solubility is quite low in α-Zr, explicit composition dependence was not considered for this phase and the data are based on Zr 48 H models. An independent two site model was applied to capture effects from configurational entropy. Configurational disorder contributions are expected to be similar in both phases and which therefore are reduced by cancellation. In addition, the anharmonicity of the potential in the tetrahedral site is assumed to be similar in both phases and has therefore been neglected in the solubility analysis. Figure 8 provides comparison between calculated and measured pressure-composition isotherms of the Zr-H system in the temperature range between 500 and 850
• C. The calculations reproduce the experimental isotherms quite accurately, both with respect to terminal solubility and the slope. Since experimental data on terminal solubility in Zr need to be extended toward lower temperatures, the temperature range for the computed isotherm plots was extended to temperatures as low as 280
• C. According to the calculations, the γ -hydride phase forms at H-Zr ratios between 1.1 at high temperatures and 1.4 at low temperatures. This composition range is very close to the existence range of the γ -phase between ZrH 1.1 and ZrH 1.5 as reported in [6] . Agreement of the temperature dependence is quite satisfactory up to temperatures of 700
• C. At higher temperatures, the assessment is difficult because the experimental data do not show a pronounced plateau value and isotherms are ramping up more continuously. Furthermore, the experimental data Experimental data are taken from [6, 54] .
show an additional phase transition at lower H concentrations, which was not included in the model calculations.
The computed terminal solubility of H in Zr is shown in figure 9 together with experimental data taken from [6, 54] . The computed terminal solubility can be expressed conveniently by Solubility [wt-ppm] = 546 577e −5450/T .
Converted into atomic percent, the solubility is Solubility [at%] = 2979e −5130/T .
As can be seen from figure 9 , the agreement of the computed and measured terminal solubility of H in Zr is remarkable. For temperatures between 400 and 550 • C the scatter in the experimental data is similar to the deviation between computed and average experimental values. At temperatures between 300 and 400
• C the computed terminal solubility is lower than that derived from experiments. This is reasonable, because the calculations underlying the computed values assume a Zr metal free of vacancies and other defects, the presence of which would tend to increase the apparent solubility of H in Zr. Furthermore, the calculations do not consider supersaturation, but are based on full thermodynamic equilibrium.
Summary and conclusions
In the present work, structural, thermodynamic and elastic properties of the zirconium-hydrogen system and their dependence on the hydrogen concentration have been investigated. The study includes both hydrogen in solution and in the form of precipitated hydrides. The simulations show that there is a slight preference of hydrogen in α-Zr to occupy tetrahedral sites. The free energy difference between octahedral and tetrahedral site occupancy is small, namely only a few kJ mol −1 . The relative stability of H in the tetrahedral sites increases with temperature. At thermodynamic equilibrium at 600 K, which is the typical operating temperature of light-water nuclear reactors, 94% of interstitial hydrogen occupy tetrahedral sites. The site preference has only a minor effect on the elastic properties, but a significant effect on the volumetric properties. The volume expansion as function of H concentration is similar for hydrogen in solution and as hydride. With increasing hydrogen concentration, the volume effect decreases somewhat. The bulk modulus increases with H concentration.
One of the primary achievements of the study is the computation of hydrogen absorption isotherms from first principles. The isotherms are in good agreement with experimentally measured isotherms. This finding confirms the validity of a model based on first-principles phonon calculations to determine vibrational free energies for supercell models, containing hydrogen binding sites, and a noninteracting site model to account for the statistical mechanics of hydrogen uptake by Zr.
The calculations demonstrate that the solubility of H in Zr increases under tensile strain and decreases under compressive strain. This means that hydrogen is thermodynamically driven from regions of compressive strain to regions of tensile strain. Changes in the zero point energy and vibrational entropy play a significant role in this behavior. As a consequence, regions of zirconium which are expanded (i.e. under tensile strain) would attract hydrogen from the surrounding and lead to the precipitation of hydrides. Possibly, this is related to the experimental observation that hydrides preferentially form in front of a crack tip. This effect could be amplified by the fact that the bulk modulus of hydrides is higher than that of alpha-zirconium. Under external mechanical load the 'softer' zirconium matrix would exhibit larger volumetric changes compared with the stiffer hydrides.
The computations show that up to nine hydrogen atoms can be trapped in a single vacancy in α-Zr. There is also some thermodynamic attraction of H atoms to regions near self-interstitial Zr atoms. Hence, hydrogen may be trapped by defects, thereby increasing the solubility. This is consistent with experimental observation of increased H solubility in irradiated Zr samples. Local supersaturation could lead to the defects acting as nucleation centers for hydride formation, for example by recombination of self-interstitial/vacancy pairs with the vacancy being filled with hydrogen atoms.
In summary, a consistent body of structural and thermodynamic properties of the Zr-H system has been created for H dissolved in bulk α-Zr and for the key zirconium hydrides. This provides a sound basis for subsequent investigations of kinetic properties including diffusion and the formation of extended defects such as dislocation loops [55] and the influence of alloying elements [56] .
